In this paper we establish the higher-dimensional energy bubbling results for harmonic maps to spheres. We have shown in particular that the energy density of concentrations has to be the sum of energies of harmonic maps from the standard 2-dimensional spheres. The result also applies to the structure of tangent maps of stationary harmonic maps at either a singularity or infinity.
the case of heat-flow and approximate harmonic maps (see [Q] , [W] , [DT] ). Naturally, all those works require the domain dimension to be 2. There is also a natural generalization of such statements for conformal invariant variational integrals in higher dimensions. (See [MW] and the recent interesting work of F. Duzaar and E. Kuwert [DK] in which they obtain a much more refined statement than that of [SaU] for arbitrary energy-minimizing sequences among continuous maps in given homotopy classes.)
The situation becomes much more difficult to understand when the domain dimensions are larger than the conformal dimensions of variational integrals. For example, for harmonic maps the problem becomes much harder when the domain dimension n is greater than or equal to 3. The only earlier work known to the authors which might have something to do with this higher-dimensional quantization phenomenon is that of M. Giaquinta, G. Modica, and J. Soucek [GMS] and of F. Bethuel, H. Brezis, and J. Coron [BBC] . In [L2] , one of the authors established results similar to [SaU] for energy-minimizing sequences among continuous maps in a given homotopy class. More precisely, let {u i } ∈ C 0 (M, N ) be an energy-minimizing sequence in the homotopy class α = [u i ] , i = 1, 2, . . . . Then (by taking subsequences if needed) u i u weakly in H 1 (M, N ), and |∇u i | 2 d x µ = |∇u| 2 d x + ν as Radon measures. Here u is a weakly harmonic map from M into N that is smooth away from a closed, rectifiable set of of H n−2 ( ) < ∞, and here ν ≥ 0 is a Radon measure of the form n−2 (ν, x) H n−2 , with ε 0 (M, N ) ≤ n−2 (ν, x) ≤ C (α, M, N ) . The crucial fact proved in [L2] is that, for H n−2 -a.e. x ∈ , n−2 (ν, x) = inf{E(u) : u ∈ H 1 (S 2 , N ), [u] = α x ∈ π 2 (N )} for some nontrivial class α x ∈ π 2 (N ). Moreover,
for some smooth, nonconstant harmonic maps φ j : S 2 → N such that φ j , j = 1, . . . , x , is energy minimizing in the homotopy class [φ j ], and that [φ j ]'s give simply a decomposition of the class α x ∈ π 2 (N ) (see [DK] ).
On the other hand, let {u i } be a sequence of stationary harmonic maps from M into N such that u i u weakly in H 1 (M, N ). Then |∇u i | 2 d x |∇u| 2 d x + ν as Radon measures. Here u is a weakly harmonic map from M into N which is smooth away from a closed, rectifiable set ⊆ M with H n−2 ( ) < ∞, and here [L1] ). Naturally, one believes that n−2 (ν, x), for H n−2 -a.e. x, is a sum of energies of harmonic maps from S 2 into N . This is the issue the present article addresses. We see that the analytic issues involved are rather subtle, and one of them is very much like our recent work concerning quantization phenomena for 3-dimensional Ginzburg-Landau equations (see [LR] ). To simplify the presentation, we assume throughout this paper that N is the standard k-dimensional sphere (and in some of the results below, k = 2). One of the main results of the paper is the following theorem.
THEOREM A Let N be the standard k-dimensional sphere, k ≥ 2, and let
where for j = 1, . . . , x , φ j is a smooth, nonconstant harmonic map from S 2 into
The conclusion of Theorem A can also be viewed as a higher-dimensional version of the "energy identity" for a weakly convergent sequence of harmonic maps which was shown earlier by J. Jost [J] and T. Parker [P] (see also [DT] , [Q] , [W] , [LW] ). In the case when N is the standard sphere S 2 , then we have the following corollary.
COROLLARY 1
Let u : R 3 → S 2 be a stationary harmonic map. Then
The above result remains true when one studies the tangent map of u at 0 (i.e., when one studies the limit as r ↓ 0). We note that if u : R 2 → S 2 is a smooth harmonic map, then [SaU] says that R 2 |∇u| 2 d x = 8πn for n = 0, 1, 2, . . . , +∞.
Proof of Corollary 1
We start with the following theorem. 
Then any tangent map, u 0 , at infinity of u can be described as follows: 
Proof
Let u be a stationary harmonic map from R 3 into N such that
We recall first the energy monotonicity formula (cf. [Sc] ) for stationary maps in 4) which is finite by our assumption. Next, for any sequence of λ i → +∞, we may find a subsequence of {u(λ i , x)} that weakly converges in H 1 loc R 3 , N to a map u 0 (x). By taking subsequences if needed, we may assume that u i (x) = u(λ i x), u i → u 0 weakly in H 1 loc (R 3 , N ), and 
(1.5)
We thus obtain for a.e. 0 < r < R < ∞,
(1.7)
In particular, for 0 < r < R < ∞,
Next, we let φ = S 2 → R + be a smooth function, and we let ψ ∈ C ∞ 0 (0, 1) be such that ψ ≥ 0 and 1 0 ψ(t) dt = 1. We consider, for 0 < a < ∞, 0 < ε a, the functions
here ψ ε (r ) = (1/ε) ψ(r/ε). Then with a direct computation using the fact that
(1.11)
Integrating both sides of (1.11) with respect to a ∈ (r, R), we get
Now let ε → 0 + . We obtain for a.e. 0 < r < R < ∞,
We write
(1.14)
as i → ∞. On the other hand,
We may then deduce, from (1.14), the translation invariance property of the weak limit of dσ i (ρ, θ) in ρ to obtain dµ = dσ (θ) dρ. Note that the Radon measure dσ (θ) can be obtained also as a weak limit of measures dσ i (r i , θ) for a suitable sequence in r i 's.
What we have shown is that the Radon measure µ has the property that µ λ ≡ µ for any λ > 0. Here µ λ (A) = µ(λA)/λ.
, we conclude that S consists of finitely many rays emitted from the origin, and (x) is a constant on each ray. In the next section we show that all such constant (x) must be of the form j=1 E(φ j ) for some smooth harmonic maps φ j , j = 1, . . . , x , from
Finally, since each u i is a stationary harmonic map, a simple first variation gives
(1.15)
Passing to the limit i → +∞, we obtain
Here x i ∈ S 2 and i=1 0x i = S. This completes the proof of the theorem.
The statement of Corollary 1 now simply follows from Theorems B and A. Indeed, from Theorem A one concludes that each
Suppose the starting map u is also smooth. Then it is easy to see that
Here deg denotes the degree of maps from S 2 into itself.
is an even number, and so
The remainder of the present article is devoted to the proof of Theorem A.
Setup and basic estimates
Then by [L1, §2] , one has for H n−2 -a.e. x 0 ∈ that has a unique classical tangent plane P 0 at x 0 , and ν has the tangent measure at x 0 given by n−2 (ν, x 0 ) H n−2 P 0 . For simplicity we take one such x 0 to be the origin and let P 0 be the (n − 2)-dimensional plane R n−2 × {(0, 0)} ⊆ R n . We note that the measure n−2 (ν, x 0 ) H n−2 P 0 can be obtained from a sequence of stationary harmonic maps in the sense that there is a weakly convergent sequence of stationary maps {u i } such that u i 's converge to a constant map weakly in H 1 loc (R n , N ) and such that |∇u i | 2 (x) d x n−2 (ν, x 0 ) H n−2 P 0 as Radon measures on R n . In particular, if we restrict each
as Radon measures on Q 1 . Here 0 = P 0 ∩ Q 1 . Moreover, by discussions in [L1, §2] one has
To prove Theorem A it suffices to verify that such a n−2 (ν, x 0 ) is a finite sum of energies of smooth harmonic maps from S 2 into N . Let us recall how the first harmonic map from S 2 into N is obtained from the blow-up analysis in [L1] . We let X 1 = (x 1 , . . . , x n−2 ), X 2 = (x n−1 , x n ), and
Then the Fubini theorem and (2.1) imply that f i → 0 in L 1 (B n−2 1 (0)). By the partial regularity theorem of Bethuel [B] for stationary harmonic maps (when N = S K , see [E] ), one has that, for H n−2 -a.e. X 1 ∈ B n−2
. By the weak L 1 -estimate for Hardy-Littlewood maximal functions, one can easily find a sequence of points {X i 1 }, i = 1, 2, . . . , such that
and such that
As in [L1, §2] , we may find, for all i sufficiently large, δ i ∈ (0, 1/2), and X i 1 ∈ B 2 1/4 (0), that the maximum value of max
is achieved at X i 2 . Here ε 0 is a small constant that appeared in the small energy regularity theorem of [B] and [E] , and c(n) is a suitable large-dimensional constant (see [L1, §3] ). Note that δ i → 0 + as i → +∞. Consider the sequence of new maps
Moreover, v(y) = v(y n−1 , y n ) is a nonconstant, smooth harmonic map from R 2 into N with a finite total energy. This gives rise to the first harmonic map φ 1 from S 2 into N .
The following lemma is the step where we require N to be a standard sphere S k .
Here H a denotes the Hardy space.
For the proof of Lemma 2, see [E] and [H, Lem. 3.2.10] . Note that f H a ≤ C(r, n) , which follows from proofs in [E] and [H] . A consequence of Lemma 2 is the following corollary.
COROLLARY 3
Let {u i } be a sequence of weakly harmonic maps from
Since for each m ≥ 2 the space W 1,1 (R m ) continuously embeds in the Lorentz space L (m/(m−1),1) (R m ) (see [H, Th. 3.3 .10] and [T] ), we obtain from (2.7) and the Fubini theorem that
On the other hand, we may also find a set
2/3 (0)) and that for all X i 1 ∈ F i , X i 1 satisfies (2.3) and (2.4). From now on we should always work on "good slices" {X 1 = X i 1 } such that (2.3) and (2.4), as well as the estimate (2.8), are valid on such slices,
Thus, in order to prove Theorem A, we must verify that
where φ j : S 2 → S k are smooth harmonic maps, and E(φ j ) = S 2 |∇φ j | 2 for j = 1, . . . , m. Let δ i be as in (2.5), and let X i 2 → 0 as i → +∞ so that the maximum value (2.5) is achieved at X i 2 . Let
. Then as in (2.6) one has that v i converges strongly in H 1 loc (R 2 , N ) to a nonconstant harmonic map 1 : R 2 → S k with a finite total energy. Then φ 1 = 1 • is the first harmonic map from S 2 into S k . Here : S 2 \ {north pole} → R 2 is the stereographic projection.
(2.11) Here ∇ = ∇ X 2 .
For simplicity we assume X i 1 = 0 ∈ R n−2 and X i 2 = 0 ∈ R 2 . Let (X 1 , r, θ ) ∈ R n−2 × R + × S 1 be the cylindrical coordinates of R n , and let
stationary harmonic map and that it satisfies the equation
where
Then it is rather easy to check that
as i → ∞ and R → ∞, for any given M > 0.
Proof of Theorem A
We prove Theorem A by inducting on the numbers of harmonic spheres that arise in the blow-up analysis. That is the number m in the sum of the right-hand side of (2.11).
We consider first the case m = 1.
In that case we must show that E (W i , B i ) → 0 as i → ∞ and R → ∞. We claim first that, for any ε 1 > 0, there are sufficiently large R and I such that, for all i ≥ I , one has e (n−2) t
for all t ∈ log 2 |log δ i R| − 1 . Indeed, if the claim is false, then we may assume that, as i → ∞, there exists t i such that e (n−2) t i
is equal to the maximum of the left-hand side of (3.1) for t ∈ log 2, |log δ i R| − 1 , and it is larger than ε 1 . In view of (2.13), we must have t i → ∞ and | log
Here
Furthermore, by (2.4) we have
(3.4) By the energy bound on {u i }, we have the uniform energy bound on {V i } defined on {Q i }. Hence, we may assume (by taking subsequences if needed) that Clearly, (3. 3) and (3.4) imply that V ∞ is a harmonic map with finite energy on R 1 ×S 1 . Since R 1 ×S 1 is conformally equivalent to S 1 \{two poles}, we deduce, from [SaU] and [H] , that φ ∞ = V ∞ • : S 2 → S k is a smooth harmonic map. Suppose now that the convergence of V i to V ∞ is strong on B 
Here each C j ≥ ε 0 is a constant, and
In particular, we have nontrivial energy concentrations of V i on point (0, t j , θ j ) j = 1, 2, . . . , . Then we can again follow the blow-up arguments in [L1, §3] to prove (as the first bubble described before) that there is another constant harmonic map from S 2 into S k by a suitable scaling near each (0, t j , θ j ). This again contradicts m = 1, and hence it shows the claim (3.1) is true.
Since
1/2 (0) × B i → S k is a stationary map, (2.12) and (3.1) imply that
) for all i large. By taking partial derivatives with respect to x 1 , . . . , x n−2 , we obtain equations for ∂ W i /∂ x k , k = 1, . . . , n − 2, from (2.12). Using (3.5), we then obtain
for some constant C and for all (X 1 , t, θ) ∈ 0 × B i . Here near the boundary ∂ B i we may use fact (2.13) and [E] again. In the (X 1 , r, θ)-coordinates system, estimate (3.5) should be viewed as the Lorentz space L 2, ∞ -estimate on ∇ X 2 u i (X 2 ). Indeed, (3.5) is equivalent to saying
For suitably large R, it is not hard then to smoothly extend u i (X 2 ) on
Let us defineũ i (X 2 ) such that
Then with (3.7) -(3.9), (2.7), and (2.8),
and
Indeed, (3.11) follows from a direct checking, and (3.10) follows from (2.7) and (3.9). Estimates (3.10) and (3.11) imply in particular that
1 . Since ε 1 > 0 is arbitrary, we prove (2.11) for the case m = 1.
Remark. In order to make the idea more transparent, we present here another proof, which is modified from [SaU] and [DT] for the case m = 1. However, we again need (3.10) and (3.11).
We want to estimate the energy of W i (0, t, θ) on B i . Let n be an integer such that d = | log δ i R| − log 2 /n ∈ (1/2, 1]. Let t j = log 2 + jd for j = 0, 1, . . . , n. We simply write W (t, θ) for W i (0, t, θ) and denote P j = t j , t j+1 × S 2 , and S j = {t j } × S 1 . Let h(t) be an R k+1 -valued function, linear on each interval [t j , t j+1 ] and with h(t j ) equal to the mean value of W on S j . Consider h as a map from B i into
on each (t j , t j+1 ) × S 1 for j = 0, . . . , n − 1. After taking the inner product of this equation with W − h and integrating over P j , we obtain
Note that the boundary integrals of (W − h) h t vanish. So we get
Summing the inequalities over j, we obtain
(3.14) By (3.5), one has |W − h| ≤ C √ ε 1 . On the other hand,
Using (2.7) and (2.8), one has
We thus obtain
In particular,
To estimate ∂ W/∂t, we need to control the Hopf differential. For any u(X 2 ), X 2 = (y 1 , y 2 ), we define φ(u) to be the Hopf differential associated with u as follows:
We note that if u : ⊆ R 2 → N is a harmonic map, then φ(u) is holomorphic, and if in addition = R 2 and E(u) < ∞, then φ(u) ≡ 0.
In the case m = 1, our previous arguments imply already that
Indeed, we observe first that
The last term goes to zero as R → ∞ since ψ 1 : R 2 → S k is a finite-energy harmonic map. Next, by (3.12) we have also that
This proves (3.20). Therefore
Here we note that |φ(u i )|(X 2 ) d X 2 is conformal invariant with respect to conformal change of variables (see [H] ). In any case, we have completed the proof of the case m = 1.
Completion of the proof of Theorem A
Let us consider the case m ≥ 2. As in [DT] , the essential part of the proof is identical to the proof for the case m = 1. One has to distinguish more bubble domains, where a blow-up gives rise to harmonic maps from S 2 into S k , and neck domains, where one has to show that energy can be made arbitrarily small. The general case can be done by an induction. We then simply sketch the proof for the case m = 2. For this case, m = 2, (3.1) can no longer be valid. Then from (3.2) we have two possibilities. First, the convergence of V i to V ∞ is strong in H 1 loc . Define a i = t i − log 2, b i = | log δ i R| − t i . We want to show that the energy of V i on the cylinder (4.5)
. We would like to note that one can also follow the arguments in [DT] but use our estimates (3.18), (3.20), and (3.21) to prove the same conclusion. This completes the proof of Theorem A.
